arXiv:1506.06090v2 [math.DG] 29 Jun 2015 


THE SHEAR-FREE CONDITION AND 
CONSTANT-MEAN-CURVATURE HYPERBOLOIDAL INITIAL 

DATA 

PAUL T. ALLEN, JAMES ISENBERG, JOHN M. LEE, IVA STAVROV ALLEN 


Abstract. We consider the Einstein-Maxwell-fiuid constraint equations, and 
make use of the conformal method to construct and parametrize constant- 
mean-curvature hyperboloidal initial data sets that satisfy the shear-free con¬ 
dition. This condition is known to be necessary in order that a spacetime 
development admit a regular conformal boundary at future null infinity; see 
[1]. We work with initial data sets in a variety of regularity classes, primarily 
considering those data sets whose geometries are weakly asymptotically hyper¬ 
bolic, as defined in These metrics are conformally compact, but not 
necessarily conformally compact. In order to ensure that the data sets 
we construct are indeed shear-free, we make use of the conformally covariant 
traceless Hessian introduced in We furthermore construct a class of initial 
data sets with weakly asymptotically hyerbolic metrics that may be only 
conformally compact; these data sets are insufficiently regular to make sense 
of the shear-free condition. 


1. Introduction 

Asymptotically flat spacetimes are used to model isolated astrophysical systems, 
and since the work of Penrose [21], it has been recognized that one of the most 
useful mathematical ways to define and work with such spacetimes is to require 
that they admit a conformal compactification; see, e.g., [24] . In particular, 

if a spacetime (M, g) is asymptotically flat in the sense of admitting a conformal 
compactihcatior0, then the manifold M is the interior of a closed manifold M with 
boundary i9M, and the metric g can be written as g = for some metric g on 

M and some non-negative function 12: M —[0,oo), satisfying 12“^(0) = c2M and 
dfl ^ 0 along future and past null infinity U C clM. 

We are interested in setting up the initial value problem as a tool for the construc¬ 
tion and analysis of asymptotically flat spacetime solutions of Einstein’s equations, 
making sure that the solutions being studied do indeed admit conformal compacti- 
hcations. To understand how to do this, it is useful to consider foliations of a given 
asymptotically flat spacetime (M,g) such that each leaf of the foliation is every¬ 
where spacelike, and each leaf intersects the conformal boundary 9M along future 
null infinity One leaf of such a foliation, together with its induced metric 

and its induced second fundamental form (jointly satisfying the Einstein constraint 
equations), comprises an “initial data set” for the Einstein field equations. While 
such leaves are not Cauchy surfaces for the entire spacetime, they suffice for the 
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future evolution problem. Furthermore, such foliations are natural for studying 
the outgoing gravitational and electromagnetic radiation of an isolated system and 
have been used in several numerical studies; see [ID], [H], [13], [IS], [26j . 

The simplest example of a spacetime foliated as above is the Minkowski spacetime 
(M = g = —{dx^Y + + (dx^)^), foliated by the hyperboloids 

Mt = {-(x° - tf + {x^f + (x2)2 + (:r3)2 = - 1 }. ( 1 . 1 ) 

It is easy to see that the induced geometry on Mt is hyperbolic; indeed under an 
appropriate conformal compactihcation of the spacetime, the leaves Mt are simply 
copies of the Poincare disk model of hyperbolic space (see mm)- For more 
general asymptotically flat spacetimes, there is a wide class of foliations whose 
leaves (M, g) intersect transversely and are asymptotically hyperbolic in the 
following sense: Let the manifold M be the interior of a smooth compact manifold 
with boundary M. A function M —>■ [0,oo) is a defining function if 
r2“^(0) = dM and did ^ 0 along dM. A Riemannian metric g on M is called 
conformally compact ii g = il~^'g for some continuous metric g on M and some 
defining function il. If g is at least on A/, then the sectional curvatures of g 
approach — |dn||- as O —0. Thus we say that a conformally compact {M,g) is 
(strongly) asymptotically hyperbolic if 5 G C‘^(M) and \dit\-g = 1 along dM. 

An initial data set for the Einstein equations on an asymptotically hyperbolic 
manifold, including a specification of the second fundamental form as well as per¬ 
haps certain non-gravitational fields (see below), is commonly called a “hyper- 
boloidal” data set in the literature. These have been studied in 0], 0, 0, [ID], 
m, M- One finds that if a set of hyperboloidal data is to be used to generate an 
asymptotically flat spacetime with regular asymptotic conformal structure, then in 
addition to the usual constraint equations, the data must satisfy a boundary condi¬ 
tion called the shear-free condition (discussed in Section [Dj below); see 0, [DD], and 
especially 0 , where the issue of smooth conformal compactifications is studied in 
detail. 

Because satisfying the shear-free condition is essential for a hyperboloidal initial 
data set to have any chance of generating a spacetime development that admits 
a conformal compactihcation at future null inhnity, a more appropriate notion of 
“hyperboloidal initial data” would include the shear-free condition as part of the 
dehnition. Unfortunately, many results concerning the existence of hyperboloidal 
initial data ( 0 , m, cn], et al.) do not explicitly address the existence of data 
satisfying the shear-free condition. In fact. Proposition 3.2 of 0 explicitly states 
that among those asymptotically hyperbolic solutions to the constraint equations 
constructed in 0 from smooth “seed data” (see the discussion in (|5l), the shear-free 
condition is generically not satished. (Note that the genericity result in 0 is with 
respect to the “compactihed” C°°{M) topology; in 0 it is shown that shear-free 
data is dense in the “physical” C^(M) topology.) One of our purposes here is to 
clarify the existential status of hyperboloidal data that does satisfy the shear-free 
condition. 

In the present work we make a systematic study of hyperboloidal initial data 
sets satisfying the shear-free condition in the constant-mean-curvature (CMC) set¬ 
ting. It is in particular among our goals to advertise and to clarify the role of the 
shear-free condition in the study of the Einstein constraint equations. As part of 
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this effort, we systematically incorporate the shear-free condition into the confor¬ 
mal method, obtaining a parametrization of the collection of all sufficiently regular 
shear-free CMC hyperboloidal data sets satisfying the Einstein constraint equa¬ 
tions. As astrophysical systems typically contain matter fields as well as gravita¬ 
tional fields, we consider data sets that include electromagnetic and fluid source 
fields, with the data collectively satisfying the Einstein-Maxwell-fluid constraint 
equations. 

A key tool in our analysis is the tensor 'Hg(p), a conformally covariant version 
of the traceless Hessian (see (14.11) below), which we have introduced in [T]. A 
hyperboloidal initial data set is shear-free if and only if the trace-free part of the 
second fundamental form agrees, to leading order, with 'Hg{p) along dPI. The 
conformal covariance of 'Hg(p) guarantees that this characterization of the shear- 
free condition is compatible with the conformal method, and can consequently be 
built directly into the choice of seed data, which we define below (see Section O. 

Penrose’s early studies m of asymptotically flat spacetimes via conformal com- 
pactification required that the metric g extend smoothly to Initial data sets 
with smooth conformal compactifications have been constructed via the confor¬ 
mal method in [6]. However, large classes of hyperboloidal data constructed by 
the conformal method do not admit smooth compactifications—even if the “seed 
data” is smooth on M, the resulting solution to the Einstein constraint equations 
may be polyhomogeneous, rather than smooth, along the boundary DM; see [4], 
[5]. Roughly speaking, a tensor field / on M is polyhomogeneous if for any fixed 
smooth defining function p on M, the coordinate expression of / has an asymptotic 
expansion at dM in powers of p and logp. Such fields are smooth on the interior 
M, but may be differentiable only to finite order on M. We refer the reader to the 
appendix of [I] for additional details. 

Motivated by the results of [3] and [5], we consider sets of seed data satisfying 
weaker regularity conditions, namely that the metric satisfy the weakly asymptoti¬ 
cally hyperbolic condition of [T]. The sectional curvatures of such metrics approach 
— 1 at the conformal boundary but, in contrast to strongly asymptotically hyper¬ 
bolic metrics, might only be conformally compact; for a detailed definition, 
see Section [31 We are able to construct from such sets of seed data shear-free CMC 
solutions to the constraint equations that are weakly asymptotically hyperbolic. 
Eurthermore, if the seed data is polyhomogeneous, then the resulting shear-free 
data is also polyhomogeneous. Our methods may also be used to produce less reg¬ 
ular asymptotically hyperbolic solutions to the constraint equations that, while not 
guaranteed to satisfy the shear-free condition, also need not be more than Lipschitz 
conformally compact; see Section [HI 

Under the conformal method, the Einstein constraint equations reduce to a sys¬ 
tem of elliptic differential equations which, in the hyperboloidal setting, are uni¬ 
formly degenerate. Such operators have been systematically studied; see especially 
[HI, m, m. [la and references therein. We rely here on the results of [T] , where 
the Fredholm results for elliptic operators are extended to the weakly asymptoti¬ 
cally hyperbolic setting. 

Our work below is organized as follows. Following a discussion of the Einstein- 
Maxwell-fluid system and the shear-free condition, we carefully define several regu¬ 
larity classes of constant-mean-curvature shear-free hyperboloidal data sets in Sec- 
tion|31 We next discuss the tensor 'H-g{p) in SectionjH In (|S]we outline the conformal 
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method for constructing CMC hyperboloidal data sets. We present in ^a number 
of PDE results that are needed to implement the conformal method; in ^we show 
the continuity of these PDE results. Then, in ^ we carry out this implementation, 
obtaining the parametrization of hyperboloidal data by suitable seed data in The¬ 
orem [8T] and existence of such seed data in Theorem 18.21 Finally we show in ^ 
that our methods also give rise to weakly asymptotically hyperbolic solutions that 
need not have sufficient boundary regularity for the shear-free condition to make 
sense. 

Acknowledgement. We thank Vincent Moncrief for helpful conversations. This 
work was partially supported by NSF grants PHYS-1306441 and DMS-63431. 

2. Preliminaries 

2.1. Einstein—Maxwell—fluid system. We study the Einstein-Maxwell-perfect 
fluid system (in 3 -t- 1 dimensions), in which the stress-energy tensor has the form 
rp ^ rpMaxweii rpMaxweii jg determined by the Maxwell 2-form F via 

TMaxweii ^ J (F^.F'^'^) g«^, (2.1) 

and = pga /3 + {^J,+p)uaUp, where u is the unit timelike flow covector, p> 0 

is the energy density, and p > 0 is the pressure density. An Einstein-Maxwell- 
perfect fluid solution is a Lorentzian spacetime (M, g), along with matter fields, 
satisfying 

Ric[g] - i R[g]g = T, (2.2) 

together with Maxwell’s equations 

dF = 0 and d{*F) = 0, (2.3) 

and Euler’s equations, which can be deduced from the conservation law 

divg = 0. (2.4) 

We refer the reader to [7] for details regarding these matter models. 

In order to study the initial value problem for the system (IO)-(l2TD. we focus 
on spacetime manifolds of the form M = R x M for some smooth 3-manifold M. 
Let t be the coordinate on M, so the slices Mt = {t} x M form a foliation of M 

whose leaves are diffeomorphic to M. We assume that the metric induced on each 

leaf is Riemannian. 

Let g denote the induced metric on each leaf Mt, and let K be the second 
fundamental form and t = ti'g K be the corresponding mean curvature of each leaf, 
all considered as time-dependent tensors on M. Note our sign convention for K: 
If D is the connection associated to g, then we have K{A,B) = g(D^i3,n). The 
evolution vector dt need not be orthogonal to the leaves of the foliation, but rather 
can be written as dt = Nn + X, where n is the future-pointing unit timelike normal 
to Mt C M (i.e., g(n,n) = —1, g{dt,n) < 0 and g{n,W) = 0 if VE is tangent to 
Mt), A > 0 is the lapse function, and the shift vector X is tangent to each leaf. 

We express the Einstein-Maxwell-fluid equations with respect to this product 
structure as follows. Let it: M ^ M be the inclusion taking M to Mt C M. We 
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decompose the matter fields with respect to the foliation, setting 

E = iUnn.-))K i3 = 4(*F(n,-))“, 

where jl is with respect to the time-dependent metric g on M. 

Expressed with respect to the foliation given by t, the Einstein field equations 


consist of the evolution equations for g and K 

dtg = -2NK + Cxg (2.6) 

dtK = N Ric[5] -f CxK + NtK - 2NK *K- HesSg N - 2NS, (2.7) 

together with the constraint equations 

R[g]-\K\l + T^ = \E\l + \B\l + 2^ ( 2 . 8 ) 

diYgK -dr = (E XgB + J)\ (2.9) 


which hold on each leaf of the foliation. Here we define K * K hy K * K(A^ B) = 
tigK(A,-) 0 K(B,-), and the source term S in (|2.7I) is the restriction of T to 
TM X TM. 

The Maxwell equations (lOl) give rise to evolution equations for E and H, as 
well as to the Maxwell constraints 

divgi? = 0, and divgH = 0; (2.10) 

the evolution equations for the fluid are simply Euler’s equations, which are not 
subject to constraints. Data for the initial value problem thus consists of g, K, E, 
B, and J, all defined on M and satisfying (12.8 p . (I2.9L and (12.101) . 

2.2. Compactification and the shear-free condition. The discussion in Sec¬ 
tion [TI] of the decomposition of the metric and other fields with respect to a space¬ 
like foliation, and the resulting decomposition of the field equations into constraints 
and evolution equations, hold for any spacelike foliation of any spacetime, regard¬ 
less of their asymptotic properties. We now presume that the spacetime is asymp¬ 
totically flat and investigate the behavior of the field equations under conformal 
compactification of the geometry. 

Writing M as the interior of M and setting g = H“^g, we find that if the leaves of 
a foliation of M approach transversely, then there is a corresponding foliation 
of M such that each leaf M of the former foliation is the interior of a compact 
manifold M (with boundary dM) which is a leaf of the latter foliation. Moreover, 
the metric g induced on M can be expressed as 

g = n-^g, ( 2 . 11 ) 

with g the restriction of g to M. The assumption that the foliation approaches 
transversely implies that D plays the role of a defining function for M C M. We 
assume that \dQ\‘^ = 1 along dM, and that consequently (M,g) is asymptotically 
hyperbolic. 

Analogous to the discussion in (12.11 one can decompose dt with respect to g, 
yielding dt = Nn + X] one easily sees that n = and hence N = Q.N and 

X = X. Let K be the second fundamental form of (M,g) C (M,g) and r = tr^ AT 
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be the associated mean curvature. Letting S be the traceless part of K, and E the 
traceless part of if, we have 

if = E + = + (2.12) 

and 

^ - n(logfl). (2.13) 

Substituting (12.111) and (12.121) into the constraint equations (12.81) and (12.91) we 
obtain the following: 

dflAgO + iR[g] - |S||)fl2 + 6 = \E\l + \B\l + 2^, (2.14) 

ndiVgS-2E(gradg.ll,-) - = {E Xg5 + J)^ (2.15) 

o 

here our sign convention for the Laplacian is = div^-o grad^ = tr^ HesSg and the 
symbol t> on the right side of (12.151) is with respect to g. 

We assume that |if|g, l^lgj and ^ fall off like 0(0^). Thus if 5 G C‘^{M), 
if E G C^{M), and if 11 G C‘^{M) satisfies 


n 


dM 


= 0, and \dfl\^ 


= 1 , 


dM 


(2.16) 


then (12.141) is consistent on M if and only if we require that = 9 on dM. Conse¬ 
quently, imposing the constant-mean-curvature (CMC) condition requires = 9. 

It follows from the condition that dt be tangential to and future-directed 
that one has A(fl) = g(A, grad^H) > 0 on dM. From (I2.13|) we have r = Hr -|- 

3A ^(9(11 — A(ll)); thus on dM we have r = —3A ^A(ll) < 0. Consequently the 
CMC condition becomes r = — 3. 

We also note that in the CMC setting (12.151) implies that E(gradg 12, •) = 0 at 
dM. 

The constraint system for hyperboloidal data has often been viewed as consist¬ 
ing of (I2.8I) - (I2.9I) together with (I2.10|) . the asymptotically hyperbolic condition on 
5, the boundary conditions (12.161) along dM, and suitable fall-off conditions on E 
and on the non-gravitational helds. However, solutions of this system do not gen¬ 
erally evolve into asymptotically flat spacetimes with a well-defined unless a 
further boundary condition is imposed. To motivate this condition, we write out 
the evolution equation for E (calculated using (12.61) and (12.71) 1: 


a,s = £yE - 2Af S . E - wks + w I Ric[j] _ rs[j] j 


-{ 


HesSg A - -{AgN)g 


2H 


-1 


Hessg H - -(AgH)g - E ) - NS. (2.17) 


It follows that if the evolution is to be nonsingular on M, and if the resulting 
spacetime is to satisfy g G C^’^(M), then the initial data must satisfy 


^IdM ~ 


HesSgH — ^{A-gn)g 

O 


dM 


(2.18) 
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This boundary condition (j2.18|) is known in the literature as the shear-free con¬ 
dition. It is worth emphasizing that the shear-free condition is not affected by the 
presence of matter fields. 

To understand the geometric content of the shear-free condition, we start by 
noting that it follows from the constraint (12.141) that = l-|-|nAgf2-t-0(fI^) as 
n —> 0. Taking the derivative of both sides of this equation and combining with the 
identity HesSg 0(gradg fl, •) = yields HesSg fl(gradg fl, •) — ^{A-gQ)dD, = 0 

along the boundary. Evaluating the momentum constraint (12.151) at dM, we have 
S(gradg 11, •) = 0. Thus 

E(grad^ll, •) = HesSg ll(grad^ll, •) - i(Agll)5(grad^O, •) (2.19) 

holds trivially along DM. This tells us that the only nontrivial content of (j2.18l) 
lies in its restriction to T{dM) x T{dM). 

Let Xg be the second fundamental form of dM C M with respect to the inward 
normal grad^Sl, and let xj be its trace-free part. The shear-free condition (12.181) 
then reduces simply to 

^\T(aM)xT(aM) ~ ( 2 . 20 ) 

The null hypersurface is foliated by null g-geodesics, generated by a certain 
null vector field k (see [24l Chap. 11]). The shear of is the trace-free part of the 

Lie derivative Ck{g\x[aM))^ measures the extent to which the flow of k deforms 
spheres of the geometry of dM towards ellipsoids. Because k can be expressed as 
the sum of the unit future-timelike and unit inward-spacelike vectors, it follows that 
the shear vanishes if and only if ”b boes. 

The shear-free condition plays a central role in [4], where the non-vanishing of 
the shear of initial data is identified as an obstruction to the existence of polyho- 
mogeneous for any spacetime which might arise from such data; it also plays an 
important role in the formal computations of [20]. These results suggest that im¬ 
posing the shear-free condition is necessary, and may be sufficient, for constructing 
spacetimes admitting ^ with at least some minimal regularity. Unfortunately, as 
noted in the introduction, many results concerning the existence of hyperboloidal 
initial data do not explicitly address the existence of data satisfying the shear-free 
condition. One of our purposes here is to clarify the situation regarding asymptot¬ 
ically hyperbolic data which does satisfy the shear-free condition. A first step in 
providing such clarity is the formulation of a careful definition of such data. 


3. Hyperboloidal initial data 


Observe that the conformal compactification of an asymptotically hyperbolic 
manifold (M, g) is not unique: If g = for some defining function H, and if 

w € C^{M) is positive, then 


|d(a;H)| 


u>^g 


am 


= \dng 


aM 


(3.1) 


In fact, if H, g, S, and a collection of matter fields $ = {E,B,J,^) give rise, via 
(12.111) and (12.121) . to a solution to the constraint equations (I2.8I) - (I2.10I) . then ujfl, 
wS give rise to the same solution. 
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In view of these observations, we fix once and for all a smooth defining function 
p, which we use in place of 17 for the purposes of conformal compactification, and 
for indicating the regularity of various fields along dM. 

We furthermore fix a smooth background metric h on M such that \dp\-f^ = 1 
along dM, and let h = p~'^h be the corresponding asymptotically hyperbolic metric 
on M. We denote by V and by V the Levi-Civita connections associated to h and 
to h, respectively. The connection associated to any other metric g is denoted by 

The metrics h and h, together with p, are used to define various regularity classes 
of tensor fields, including the weighted Holder spaces Cg’°‘{M) = p^C^'°'{M), as 
well as C'pjjg(M), those polyhomogeneous tensor fields on M with extensions to M 
of class . Our convention is that norms for function spaces on M are computed 
with respect to h, and norms for function spaces on M are computed with respect 
to h. The reader is referred to [T] and m for details regarding these spaces. 

Note that if m is a tensor field of covariant rank p and contravariant rank q, then 

\u\h = p''\u\p;, (3.2) 

where r = p — g is the weight of the tensor u. Consequently, if m G C^(M), 
then u G L°°(M). In [I], we introduce for 0 < m < fc and a G [0,1) the spaces 
of tensor fields u such that if r is the weight of u then 

m 

ll|■“lllfe,a;m ^ II II (M) (^■^) 

is finite. These spaces are intermediate between C^’°‘(M) and 

In view of (13.21) . if |||u|||,!. is finite then \u\j^, |Vu|^,..., |V™u|^ are bounded. 
Thus if u G then u extends to a tensor field on M of class 

Throughout this paper we adopt the convention that if g is a metric on M, 
then 'g is the metric given by 5 = p^g] in the situations considered below, it is 
always the case that 'g extends continuously to a metric M, which we call the 
conformal compactification of g. We define a metric 5 on M to be weakly 
asymptotically hyperbolic if g G is non-degenerate on M and if 

\dp\-g = 1 along dM. If g is weakly asymptotically hyperbolic, then g extends 
to a Lipschitz continuous metric on M. We denote the collection of weakly (7^’“ 
asymptotically hyperbolic metrics on M by In [1], we establish Fredholm 

results for elliptic operators defined using metrics in ; see Theorem ib.ll below. 

Metrics in have sufficient regularity for the elliptic theory needed to 

construct solutions to the constraint equations (see Theorem 19.11 below), but this 
regularity is not sufficient for analyzing the shear-free condition. Thus we seek a 
space of metrics for which the shear-free condition may be defined. We furthermore 
require that the space have a topology that is sufficiently strong for the shear- 
free condition to be a closed condition, yet weak enough to allow the conformal 
structures at infinity of shear-free initial data sets to vary continuously. 

The density result of [2] shows in the vacuum setting that the topology induced 
by the unweighted Holder spaces is too weak for the shear-free condition to be 
closed. In order to gain some intuition for this result, let us suppose that g G 
C^’^(M) for some k >2 and a G [0,1), and thus that g = p^g G C'2’“(M) and 
(g)“^ G C'l’^iM). The trace-free Hessian appearing in (I2.18L with H replaced by 
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p, is given schematically by contractions of 

( 5 )“^ 0 5 0 Vdp and ( 5 )“^ 0 ( 5 )“^ 0 5 0 Vp 0 dp. (3.4) 

As dp G Ci’°‘{M) and Vdp £ C 2 ’°‘{M) for all k and a, we see that (7^’“ control 
of g yields an estimate for the trace-free Hessian of p in {M). However, 

as a covariant 2-tensor field, an estimate of the trace-free Hessian of p in L°°{M) 

requires an estimate in cf. (13.21) . Furthermore, in order for the trace- 

free Hessian to be defined pointwise on dM, we need even more regularity. 

Based on these observations, one might be tempted to simply increase the weight, 
and measure variations of g in the C^’°‘ norm. However, if a sequence of asymptot¬ 
ically hyperbolic metrics gi is to converge to g in Ci’°‘{M) it is necessary that each 
9i = P^9i agree with p^g along dM. Thus this weighted topology is too strong to 
allow the conformal structure at infinity to vary continuously. 

We note, however, that terms of the first type in dSH) can be estimated in 
jf g it is only terms of the second type, which involve 

derivatives of the metric, that lead to a loss of weight. Such terms, however, 

are bounded if p £ -^weak ■ furthermore ensure that the traceless Hessian 

extends to a Lipschitz continuous tensor on M if we require g £ Thus we 

define to be those metrics g £ 9 ^ The preceding 

discussion is summarized by the following. 

Lemma 3.1. Suppose k > 2 and a £ [0,1). 

(a) If gG HesSg p - ^(Agp)p £ 

(b) Ifg G then HesSgp- \{/^gp)g G 

We now define hyperboloidal initial data sets as follows. 

Definition 3.2. Let k > 2 and a G (0,1). A set of fields {g,K,^) constitutes a 

constant-mean-curvature shear-free hyperboloidal initial data set of class 
C'“’“ on M if 

(b) K is a symmetric covariant 2-tensor field of the form K = T, — g with E 
traceless and T, = pT, G ‘^^“^’“^(M); 

(c) 4) = [E,B,J,ff) is a collection of matter fields satisying 

$ £ cf"^’“(M) X Cf“^’“(M) X (72 "^’“(M) X (72 "^’“(M) (3.5) 

and such that ^ > 0; 

(d) g, K, and $ satisfy the constraint equations (12.81) - (12.lOp .' and 

(e) the shear-free condition (I2.18P is satisfied with Q = p. 

We denote the collection of such initial data sets by and distinguish the 

following subsets: 

• We define the set of smooth initial data sets to be those data sets 
in for all k >2 and all a. 

• The set ^phg of polyhomogeneous initial data sets are those for which 

{p^g, pE, p 0 $) £ Cl^^(M) X Cihg(M) x C°hg(M), (3.6) 

where we define pQ ^ by 

p 0 {E, B, J, 0 := (p-^E, p-^B, p-^J, p-^0- 


(3.7) 
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Below we discuss the parametrization and construction of data sets via the con¬ 
formal method. Before doing this, we introduce an alternate characterization of the 
shear-free condition (12.181) that is particularly well suited for use with the conformal 
method. 


4. The tensor 'Hg{p) 

While the condition (12.181) precisely characterizes the shear-free condition, in 
order to incorporate the condition into the construction of hyperboloidal data, it 
is useful to have an alternative characterization in terms of quantities that are 
conformally invariant. We accomplish this making use of the tensor field 'H-g(p), 
defined in [5 by 

n-gip) := |dp||T>g(|dp|r2 grad^p) -h Ag{p) (^dp ® dp - ^\dp\li^ , (4.1) 

where 

Ag{p) ■■= 2 MpIs divg [|dp|ggradgp] (4.2) 

and V-g is the conformal Killing (or Alhfors) operator taking a vector held 
X to a symmetric and tracefree covariant 2-tensor held by 

VgX = i(divgW)5. (4.3) 

A vector held X such that V-gX = 0 is called a conformal Killing vector field. 

The tensor held 'H-g{p) is a conformally invariant version of the trace-free Hessian. 
We recall the following results from [1]. 


Proposition 4.1 (Proposition 4.1 of [T]). 

(a) T-L-gip) is symmetric and trace-free. 

(b) ^(pKgradgP,-) = 0. 

(c) T-bgicp) = c^'Hg{p) for all constants c. 

(d) If 9 is a strictly positive function then'Hgi-g{p) = 9~^'H-g{p) and Agig[p) = 
9-^Agip). 


Proposition 4.2 (Lemma 4.2 of [T]). 

(a) Let g G k > 1 and a G [0,1), and let 'g = p^g. Then TL-gip) G 

C2”^’“(M). 

(b) If g € .^weaic^ k > 2 and a G [0,1), then VHg{p) G and 

thus divj'Hjip) G In particular, 'Hg(p) G ‘^^“^’“’^(M) and 

therefore 'H-g{p) extends continuously to M. 


Proposition 4.3 (Proposition 4.3 of [T]). Suppose g G some k>2 and 

^k-2,, 


a G (0,1), and R[p] -|- 6 G C 2 ’“(M). Then 'H-g{p) satisfies 

%(P) - (^Hessgp- i(Agp)p^ G C'3”^’“(M). 


In particular, 




dM 


Hessgp- l{Agp)g 


(4.4) 


(4.5) 


J dM 


Proposition 14.31 implies that the shear-free condition can be expressed using 


Hgip). 
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Corollary 4.4. Suppose that (g, $) satisfy parts ©-01) of Definition \S.2\ with 

k >2. Then the following are equivalent: 

(a) The shear-free condition of part (jej) in Definition is satisfied. 

(c) 

Proof. By virtue of Proposition 14.31 © © => ((b| . To see that (0 implies © , 

we first note that by Definition 13.21 and Proposition 14.21 we have that S — TL-gip) 
is in and vanishes as p —>■ 0. Thus Lemma 2.2(d) of [1] implies that 


5. The conformal method 

The conformal method provides a means for constructing solutions to the con¬ 
straint equations and, in the constant-mean-curvature case, for parametrizing the 
set of all solutions. See [T2] for a comprehensive discussion of this application for 
the case of data on compact manifolds; m contains a brief history and shows 
equivalence to other data-construction methods; see also the discussion in [7]. 

5.1. Parametrization. The idea behind using the conformal method as a means 
of parametrizing families (such as ^°o, ^phg) of initial data sets is to hnd a 

space of seed data sets such that each seed data set can be conformally changed in 
order to obtain an initial data set, with the conformal factor obtained by solving 
an elliptic partial differential equation. If each seed data set is conformally related 
to precisely one initial data set, then one may parametrize the family of initial data 
sets by a quotient of the collection of seed data sets. 

For k > 2 and a G (0,1) we define the collection of seed data sets 

appropriate for parametrizing hyperboloidal data to be those tuples (A, cr, 4') where 

(a) 

(b) 4' = {£,B,jX), where £ and B are vector fields that are divergence-free 
with respect to A, j is a vector field, and C is a non-negative function, all 
having the regularity given by (j3.5|) : and 

(c) cr is a symmetric covariant 2-tensor field that is trace-free with respect to 

A, satisfying pa G and 

{divxaY = j -\-£ xx B, (5.1) 

P^laM = ( 5 - 2 ) 

We denote by the collection of such seed data sets, and distinguish the 

following subsets: 

• The collection of smooth seed data sets is defined to be those tuples 

which are in for all fc > 2 and all a. 

• The collection .5^phg of poly homogeneous seed data sets is defined to 

be those tuples for which p^\ G pa G C'phg(A^), and p 0 4' G 

Cp°hg(M). 

Given a seed data set (A,ct, 41) we seek to construct a CMC shear-free hyper¬ 
boloidal initial data set (p, K, 4>) of the form 

g = (/)'‘A, K = (j)~'^a - p, 4> = 0 4', 


(5.3) 
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where (j) is an unknown positive function. We note that for any symmetric, trace- 
free covariant 2-tensor field T and positive function (jj we have 

div04;^((/)“^r) = divA T, 

while the scalar curvature changes under conformal transformations as 

= ^-4 R[A] - 8(j)-^Axct>. (5.4) 

Thus inserting the fields {g, K, $), as given by (15.3|) . into (j2.8ll - ()2.9ll . we see that the 
constraint equations are satisfied so long as (p satisfies the Lichnerowicz equation 

- g R.[A]0-I--|cr|A<(' +-{\£\\ + \B\\ + 2() (j) ^ “ 4^^ = d. (5.5) 

In order for {g,K,^) to satisfy the (asymptotically hyperbolic and shear-free) 
boundary conditions in Definition 13.21 we require p = 1 along dM. 

One may readily verify that the conditions defining seed data are invariant under 
the transformation 

(A,(t, 4') hA (6»4 a,6»-V,6»2 0 5-) (5.6) 

for any suitably regular, positive function 6 with 0 = 1 along dM. Furthermore, 
both the ansatz (15.31) and the Lichnerowicz equation (15.51) are invariant under (15.61) 
in following sense. 

Lemma 5.1. Suppose (A, cr, ^i*) £ 0 is a positive function with 0 — 1 G 

let (A,cf,4') = (9'^ X, 0~^ a, 0^ 0 di). Then p satisfies the Lichnerowicz 
equation (1531) if and only if (p = 0 satisfies the Lichnerowicz equation corre¬ 
sponding to (A, CT, 4'). Furthermore, both (A, o, ^J) and (A, a, 4') give rise to the same 
initial data set {g, K, $). 

Proof. Direct computation using (15.41) . □ 

In (j8]we prove, using the results of §®[7l that the various classes of initial data 
in Definition [2^ are homeomorphic to quotients of the corresponding classes of seed 
data by the equivalence relation arising from (15.61) . 


5.2. Existence. While the parametrization theorems are useful for understanding 
the structure of the spaces of initial data sets, the conditions defining the seed data 
sets are non-trivial. In (JH we also address the issue of existence of seed data sets 
by showing that all such data sets can be obtained by choosing certain arbitrary 
helds, which we refer to as “free data,” and projecting to a seed data set as follows. 

For fc > 3 and a £ (0,1), we define a free data set to be a tuple (A, u, T), 
where 


(a) 

(b) 

(c) 


£k,a-2, 
^weak ’ 
-yk — l.a. / 


A £ 

u £ C2~^’“(M) is a symmetric traceless covariant 2-tensor field; 


T = {e,b,jX) consists of vector fields e, b, 
C, and has regularity as in (ixa . 


j, and a non-negative function 


We denote by the collection of all such data sets, and distinguish the following 
subsets: 


• The collection of smooth free data sets consists of those tuples in 
^k,a £qj. all > 3 and all a. 
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• The collection #phg of polyhomogeneous free data sets consists of those 
tuples for which 

ip^X,,y,pQT) G Cp\g(M) X C%^(M) x 

Remark 5.2. The assumption k > 3 in the definition of is needed in order 

to solve dSSl) below; see Lem.ma \6.2\ and Remark \6.4\ 

Given a free data set (A, T), one may obtain a seed data set (A,cr, dt) by 

constructing di and cr according to the following procedure. Define the matter 
fields = by 

£ = e — grad;^ u and B = b — grad;^ v, (5-7) 

which are divergence-free provided the functions u and v satisfy 

Axu = divA e and Axv = divA b. (5-8) 

In order to construct a tensor field cr satisfying (EID, we recall the conformal 
Killing operator Vx defined by (14.31) . The formal adjoint of Vx is given by 
V^T = —(divAT)t*, and can be used to construct the self-adjoint elliptic operator 
Lx ■= D’^Dx, which is called the vector Laplace operator. If 

fj = p~^Up-^x{p) + VxW, 

where 

LxW = <lwx{p~^'Hp2x[p) + 1')'^ - j - £ XxB, (5.9) 

then is satisfied. The proof of Theorem 18.21 shows that pVxW vanishes at 
dM. It then follows that cr satisfies (j5.2p . and thus that the corresponding seed 
data is shear-free. 

6. PDE RESULTS FOR IMPLEMENTING THE CONFORMAL METHOD 

We now gather several results concerning partial differential equations needed in 
order to carry out the procedure described above. These results, in turn, rely on 
the following Fredholm and regularity result of [1]. 

Theorem 6.1 (Theorems 1.6 and A.14 of [1]). Suppose g G for k > 2 

and a G (0,1), and that V is a second-order, linear, elliptic, formally self-adjoint, 
geometric operator obtained from g, and that there exist a compact set K M and 
a constant C > 0 such that 

\\u\\l^m) < C\\'Pu\\l2;m) for all u G C^{M\K). (6.1) 

Then the indicial radius R of V is positive and 

V: Cs’°‘{M) 

is Fredholm of index zero if \S — ^\ < R. Furthermore, the kernel is equal to the 
kernel of V . 

If, in addition, the metric g is polyhomogeneous, then any solution u to Vu = f 
is polyhomogeneous provided f is polyhomogeneous. 
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6.1. The vector Laplacian. We first study the vector Laplacian, the invertibility 
of which fails if there exist non-trivial conformal Killing vector fields. The following 
shows that such vector fields cannot vanish to second order at dM. 


Lemma 6.2. Suppose X £ -^weak ’ X is a conformal Killing vector field on 
(M, A) such that X £ Cg'°‘{M) for some a > 0 and <5 > 1. Then X vanishes 
identically on M. 


Proof. Let A = p^X; for the purposes of this proof we denote by V the Levi-Civita 
connection associated to A. 

We adapt to the present setting the argument of [8], where it is observed that a 
conformal Killing vector field X satisfies 

= Ra-XX + Ri- X, (6.2) 

for certain tensors Rq linear in Riem^^’^^[A], and Ri linear in 

strategy is to examine the set Z C M where X vanishes together with VX and 
—2 

V X. We start by showing that Z is non-empty. 

Let Ca = {p < a} be a collar neighborhood of dM and note that for a tensor T 
of weight r we have 

i%=p-nTu<i|T||^o,o(c_^). 

Thus if T £ then T £ C^{M) and is O(p^); furthermore, the functions 

which describe T in coordinates satisfy 


\rp3l---jq 


< C'p^||r||g.O^ 


(6.3) 


Since the difference tensor V — V maps Cg’°‘{M) to itself, we have VX £ 

and V'^X £ C^’“(M). Consequently, because X is a tensor of weight r = —1, we 

have the following pointwise estimates in background coordinates: 

|X^-| < Cp'+iX||co(cj 

I {VX)] I < CpiVX||co(c„) < (6.4) 

\{V^X)]^\< Cp^-^\\v"x\\co^Cp) < Cp^-i^||c|(c„)- 


Because (5 > 1, it follows that X, VX and V^X all vanish along DM. In other 
words, dM C Z. 

Since Z is closed and non-empty, it remains to show that Z is open as well. We 
proceed by first showing that X vanishes on Ca for sufficiently small a > 0. Let 
r represent the Christoffel symbols of V in background coordinates near dM. As 
A £ we know that F is bounded. Note that 

d,X^ = {Vo^xf-(V-Xf . (6.5) 


Integrating from p = 0, where X vanishes, and using (lOl) we obtain 
|^'=|<^"(|(Va,X)'=| + |(r.A)"|) dp' 

<cl^' ((p')'l|VA||co(c„) + (p')'+'ll^llc«(c„)) dp' 

<Cp^+i(||VA||co(cj+p||A||co(c„)), 


( 6 . 6 ) 
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and thus 

||-’^||c«(c„) < C'sup (p ^ < C (^||VX||co(c^) + p||X||co(c„)^ . (0 7 ) 

Absorbing the final term, we obtain 

||A||co(c„) < C||VA||co(c„) (6.8) 

provided a is small. Using analogous integration of 

d,{yx)'y = (Va,(VA))" + (r • VA)' (6.9) 

we find that for sufficiently small a we have 

||VA||co(c„) < U||(v"a)||co(c„). (6.10) 

Combining (16.81) and (16.101) we obtain 

||A||c.(c„) <C||v"a||co(c.). ( 6 . 11 ) 

Next, note that (16.211 implies 

5p(v"A)?^- = (r • v"A)f^. + [Ro ■ VA)^_,. + {R, ■ X)%. (6.12) 

Using (16.3p we see that the coefficients of Rq and i?i in background coordinates 
are 0{p~^) and 0{p~^), respectively. Thus using (16.411 again and integrating from 
p = 0 , we obtain 

|(v"A)f^.|<CpiA||c|(c„). (6.13) 

_2 

Thus for sufficiently small a > 0 we have || V A||po(c^) < Cp\\X\\c^(Ca)- When com- 


_2 

bined with ||A||(; 72 (c^) < UjlV X\\qo(^q^-j, this implies that X vanishes identically 
on some collar neighborhood {p < a} of DM. 

Next, suppose that p € Z is a point where p > a/2, and consider the restriction 
of X to the open geodesic ball B(j)\ e) with radius e and center p. The fundamental 
theorem of calculus implies that there exists some constant C, independent of e, 
such that 

\\X\\c^iBip-,e)) < eC||v'A||co(B(p;.)). (6.14) 

Since p{p) > a/2, the restriction to B{p',e) of Riem^^’^^[A] and VRiem^^’^^ [A], and 
hence of the coefficients Rq and i?i in (16.2L are bounded by some constant C. For 
such £, the identity (j6.2p implies 

l|v'^||cO(H(p;e)) < C\\X\\cHBip-e))- (6-15) 

Combining this estimate with (I6.14L we conclude that for sufficiently small e, the 
vector field X must vanish on B{p\ e), so B{p; e) C Z. This completes our proof. □ 

We now address the invertibility of the vector Laplacian L\. 

Proposition 6.3. Suppose that A G fc > 3 and a G (0,1). Let S G 

(—1,3). Then for each vector field Y G there exists a unique vector 

field W G such that 

LxW = Y. (6.16) 

Furthermore, there exists a constant C > 0 such that for all W G Cg’°‘{M) we have 
IIWile,.,< C'||TAW||e,.-2,.(,^). (6.17) 
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Finally, if p^X G C'phg(-^) p £ C'phg(-^)’ P ^ ^phg(^) 
V^W £ 

Proof. It is straightforward to see that the vector Laplacian L\ is a formally self- 
adjoint, elliptic, geometric operator. That the basic estimate (EU) holds is the 
content of Lemma 3.15 of [3]. Furthermore, in [15] the indicial radius of L\ is 
shown to be 2; thus we may invoke Theorem 16.II to conclude that 

Lx: Cg’°‘{M;TM) (6.18) 

is Fredholm of index zero. 

To show that ()6.16l) admits a unique solution, we argue that the kernel of Lx is 
trivial. Supposing that X £ Cg{M) and that LxX = 0, elliptic regularity and 
Lemma 4.6 of [1] imply that X £ C 2 ’°‘{M). By Lemma 3.6(b) of [15], X is in the 
Sobolev space iJ^’^(M). For all V £ C^(M) we have HT’a 1 ^ 11^2 = {V, LxV)l^; due 
to the density of compactly supported fields, this identity extends by continuity to 
all vector fields in Thus ||T’a-^||l 2 (m) = 0 and X is a conformal Killing 

vector held on {M,g). Since X £ (71’“(M), Lemma [6.21 tells us that X must be 
identically zero. Therefore the Cg’°‘ kernel of Lx is trivial and the mapping (16.181) 
is a bijection. The continuity of Lx, together with the closed graph theorem, yields 

(I6T71) . _ 

When p'^g £ (7pi,g(AL), Theorem lB . 1 l imolies that the solution is polyhomogeneous 
when Y is. If p~^Y £ (7pjjg(M), then Lemma A.5 of [1] implies that we may 
furthermore choose 7 such that p~^Y £ C'pjfg(M), and hence Y £ (^^’“(M) for all 
k £ Nq. Subsequently, we hnd that p~^W £ (7pj,g(M). Finally, it follows from a 
direct computation that VxW £ (7pj,g(M). □ 

Remark 6.4. The maps (16.181) are Fredholm of index zero even if X £ 

The hypothesis k > H is used only to show that the kernel is trivial. 

6.2. Scalar equations. We record here several results for scalar equations that 
follow directly from the results of [I]. 

Proposition 6.5 (Proposition 6.1 of [T]). Suppose that g G for k >2 and 

a £ (0,1). Suppose also that k £ for some a > 0, and that c is a 

constant satisfying c > — 1 and c — k > 0. Then so long as 

\5-l\<y/lTc, (6.19) 

the map 

A,-(c-«):C^“(M)^C,^-^’“(M) 

is invertible. 

Furthermore, if p^g £ p-''f £ for some iz > 1 — 

and K is a polyhomogeneous function (which necessarily vanishes on dM), then the 
unique function u £ Cg’°‘(M) such that 

Axu + (k — c)u = f (6.20) 

is polyhomogeneous and satisfies the following boundary regularity conditions: 

• If iz > I + \/l -I- c, then p-i-Vi+c ^ g 

• \/l + c, then p~''u £ (7°i,g(AL). 

• If V = 1 + \/l + c, then p~^u £ (7pj,g(M) for all p < 1 + a/1 -I- c. 
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The following consequence of ProDOsition l6.5l is related to the Helmholtz decom¬ 
position for vector fields. 

Corollary 6.6 (Helmholtz splitting). Suppose that X G Z®’' k > 2 and 

a G (0,1), and that S G (0,2). Then any vector field X G can be 

uniquely written as 

X = grad;^ u + Y, (6-21) 

where the vector field Y satisfies div> H = 0 and the function u satisfies u G 

Furthermore, if p^X G C'pjjg(M) and p~^X G then p~^Y G 

p-^u G C'°i^g(M), and p-^ grad;, u G C'°j^g(M). 

Proof. Since Y is divergence-free precisely if Axu = div^ X, the existence of u and 
Y is immediate. 

Suppose now that X := p~^X G C'phg(-^) ■= ^ ^phg(-^)- 

Lemma A.5 of [I] we have X G C'phg(Af) and A G for some 7 > 0. Since 

V: C°(J(M) ^ p'^-iCOhg(M) we have / = div;, X = p^ div^ A G 
This implies the claimed regularity of Y and of grad_^ u. □ 

We now address the solvability of the Lichnerowicz equation (15.51) . recalling the 
following from [T]. 

Proposition 6.7 (Proposition 6.4 of [1]). Suppose that X G -^weak^ k > 2 
and a G (0,1). Suppose furthermore that A and B are non-negative functions with 
A,B€ ^^"^’“(Af). 

(a) Then there exists a unique function cf with ^ — 1 G Ci’°‘{M) that satisfies 

Axfi=lR[X]fi-Ar^-Br^ + ^fi^ 

•ZlaM “1’ (j) > 0. 

The regularity on cj) implies (j>*X G • 

Furthermore: 

(b) //A G R[A] -f 6 G C2“^’“(M), and A,B£ then fi- 1 G 

C2’“(M) and hence fi'^X G -^^eak^- 

(c) Ifp'^X G and p-^A,p-‘^B G then p'^fi'^X G C'2j^g(M). 

7 . Continuity results for the conformal method 

In Section [ 8 ] below, we frame the conformal method as maps taking free data sets 
to seed data sets, and taking seed data sets to initial data sets. Here we establish a 
collection of results that we use to show the continuity of these maps. We first recall 
the following definitions. Suppose X and Y are normed spaces, and F: X ^ Y. 
We say that F is locally bounded if for each x G X there exist constants Ex > 0 
and Cx > 0 such that 

\\F{x')\\y<Cx if \\x-x'\\x<ex. 

We furthermore say that F is locally Lipschitz if for each x G X there exist 
constants e^, > 0 and C^, > 0 such that 


||F(a:i) - F(a;2)||Y < Cxllcci - a;2||x if \\ x - Xi \\ x<ex 


i = 1,2. 


18 


PAUL T. ALLEN, JAMES ISENBERG, JOHN M. LEE, IVA STAVROV ALLEN 


Note that all locally Lipschitz mappings are locally bounded, and that all continuous 
linear maps are locally (in fact, globally) Lipschitz. 

The facts that is an algebra and p G C°°{M) imply the following. 

Lemma 7.1. Suppose 0<m<k,0<m'<k', and a^a' G [0,1). 

(a) If Fi and F 2 are locally Lipschitz maps : (M), then 

so is Fi 0 F 2 . 

(b) Contraction is a continuous linear map —>■ 

(c) Multiplication by p is a continuous linear map (M). 

(d) For any I > 1, m 1 —>• u 0 V*p is a continuous linear map —>■ 

(e) The map V: is a continuous linear map. 

We now show that the construction of various geometric tensor fields from weakly 
asymptotically hyperbolic metrics is locally Lipschitz. 

Lemma 7.2. Suppose 0 < m < k and a G [0,1). The map A 1 —>■ (A)“^ is a locally 
Lipschitz continuous map from to 

Proof. First note that if A G then is bounded. Thus the 

lemma follows from estimating in the series expansion of 

(Ai)“^ - (A 2 )“^ = (Ai)“^ ^1 - [1 - (Ai - A 2 )(Ai)“^] (7.1) 

which converges uniformly and absolutely when ||Ai — A 2 ||co(jv^) is small. □ 

We estimate the connections of weakly asymptotically hyperbolic metrics by 
comparing them to the connection V associated to the background metric h. In 
doing this, we use the notation D[\] = — V for the difference tensor. 

Lemma 7.3. Suppose 1 < m < k and a G [0,1). The map A i-A D[X] is locally 
Lipschitz continuous from to 

Proof. As the tensor Z1[A] is a sum of contractions of terms of the form (A)“^ 0 V A, 
the proof follows directly from Lemma 17.11 □ 

Remark 7.4. Suppose 0 < m < k and a G [0,1). Arguments analogous to those 
above show that A 1 —?► A“^ is a locally Lipschitz map from to C^’“(M) and 

that A I—>■ — V is a locally Lipschitz map from C^’“(M), using 

the fact that V is a continuous map from C'^“''^’“(M) to C^’“(M). 

We also require the following. 

Lemma 7.5. Suppose 1 < m < k and a G [0,1). The following maps are locally 
Lipschitz: 

(a) A i-A Hessy(p), as a map from ‘^^“^’“’™“^(M), 

(b) A I—>■ as a map from to and 

(c) A I—>■ divx{p~^TLj{p)), as a map from to (^^"^’“(M) provided 2 < 

m < k. 
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Proof. The first claim follows from writing Hess^(p) = D[X\dp + Hess-^(/9) and 
Lemma [H while the second claim follows from the first and from the fact that 
each term in is a contraction of 

(A)“^ ® (A)“^ 0 (A)“^ 0 (A)~^ dp® dp® dp® dp® Hessj(p). 

For the third claim, we note that Proposition ld-ltlbl) and the formula for divergence 
under conformal change imply 

divA(p"^'Hx(p)) = p~^ divA'Hx(p) = pdivx'Hx(p), (7.2) 

which is a contraction of p(A)“^ 0 ^^^V'Hj{p). But A i-A (A)“^ 0 is a 

locally Lipschitz map from to As tensor fields of weight 

1 in are in the proof is complete. □ 

We now turn to the analysis of scalar curvature, viewed as a function of the 
metric. For k > 2, a G [0, 1), and 1 < to < fc, we denote by the collection 

of those metrics A G -^weak"* + 6 G (In particular, 

if A G then R[A] + 6 = 0{p'^) as p ^ 0.) It is a direct consequence of 

Theorem 1.2(c) in [1] that . However, is a proper subset 

of ^weaif ■ [l]j we establish the following. 

Proposition 7.6 (Lemma 6.5 of [I]). Suppose A G with k > 2 and 

a G [0,1). Then the conformal class of X contains a representative A 
Furthermore^ X is a locally Lipschitz map from to . 

Remark 7,7. In fact^ the proof of Proposition }?. 6\ in [1] shows that for each metric 
X € '■^weaic there exists a positive function 9 G “^^’“’^(M) satisfying 9 — 1 G 
Ci’°‘{M) and such that A = 9‘^X G 

Estimates on scalar curvature are used in the analysis of the Lichnerowicz equa¬ 
tion. Due to the conformal covariance of the Lichnerowicz equation (see Lemma 
15. IF we only need to establish continuity of A R[A] -I- 6 for metrics in 
Lemma 7.8. Let k > 2 and cx G [0,1). The map A i—>■ R[A] -I- 6 is locally Lipschitz 
as a map from to 

Proof. See Remark 3.2 of [T]. □ 

We now discuss continuity for geometric differential operators. Recall from [15] 
that a linear differential operator P = P[A] is geometric of order I if V[X\u can be 
expressed as sums of contractions of terms of the form 

0 Riem[A] 0 • • • 0 Riem[A] 0 {®pX-^) ® (0«A) 0 (0®dl4) 

with 0 < i < I and 0<kt<l — i — 2. (The volume form is permitted only if M is 
oriented.) 

Geometric operators are locally Lipschitz in the following sense. 

Proposition 7.9. Let 0 < m < k, a G [0,1), and 5 G M. Suppose V is a geometric 
operator of order I with I < k. Then for each A G there exist positive 

constants C and e, depending on X, such that for all u G we have 

||P[Al]u — P[A2]M||(3,fc-i,<»(^) < C|||Ai — 

so long as ||| Ai — A|||^ < e for i = 1,2. 
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Proof. It suffices to take m = 0 and to show that the following are locally Lipschitz: 

(a) the map given by A i-A A“^, 

(b) the map given by A i-A dVx, 

(c) the map given by A i-A — V, and 

(d) the map —>■ given by A i-A Riem[A]. 

The continuity of the first three maps follows from direct computation and from 
Remark 17.41 The continuity of Riem[A] follows from the analysis of terms of the 
form 

A“^ ® A“^ 0 V^A and A“^ 0 A“^ 0 VA 0 VA. 

The result now follows from Lemma rm □ 

Proposition 17.91 allows us to establish local Lipschitz continuity for the various 
linear geometric operators V arising in the conformal method. In the case that 
7^ is a second-order elliptic operator, such as the scalar Laplace operator Aa or 
the vector Laplace operator L\, it is useful to obtain additional estimates in those 
spaces on which V is invertible. An important observation is that in Proposition 
16.11 the range of weights d for which V is Fredholm of index zero is independent of 
the metric A, but instead depends only on the algebraic structure of the operator; 
see [H] (or [U) for additional details. In fact, for both the scalar and vector Laplace 
operators, Propositions 16.31 and 16.51 imply that the operators are invertible for all 
metrics of sufficient regularity. We now establish a certain type of continuity for 
the inverses of these operators. 

Proposition 7.10. Let 0 < m < k, a € [0, 1), and <5 £ M. Suppose that V — V[X] 
is a second-order linear geometrie elliptic operator such that for each A £ ‘^weaiT* 
and f £ (M) there exists a unique solution u £ Cg’°‘{M) to V[X]u = f. Then 

the map (A, /) u is locally Lipschitz continuous as a map 

Proof. Fix A £ and / £ and suppose for i = 1,2 that Xi £ 

■^w(,ar and f, £ satisfy 

for some e > 0, chosen below depending on A. Suppose as well that P[Ai]Mi = fi. 

The invertibility of P[X] implies that there exists C > 0 such that for all u £ 
Cg’°‘{M) we have 

Since 

we may invoke Proposition 17.91 to see that there exists some e* > 0 such that for 
e £ (0,e*] we have 

for all u £ Cg'°‘{M); here C* depends only on A, er* and universal parameters. 

We apply this latter estimate to the identity 

r[Xi]iu 2 - Ui) = /2 - /i - (P[A 2 ] - V[Xi])u 2 . 
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Proposition 17.91 implies that 

||(7^[A2] - P[Ai])u2|IcJ-2.“(m) ^ C'|||A2 - >^l\\\k,a-rn\W'^\\c’;’‘=‘{M)^ 
while (17.31) implies 

Thus 

\\U1 - W2|lc^fc,-(M) ^ ^ (ll/l “ /2llcJ- = ’“(M) + lll^l “ -^211^,0,;^) , 

with C depending only on A and /. □ 


Proposition 17.101 provides continuity for the linear existence results in m We 
now establish continuity of the solution map dehned by Proposition l6.7l In view of 
Proposition 17.61 and Lemma IST] it suffices to show the following. 


Proposition 7.11. Let k > 2, and a € (0,1). Then the map {X,A,B) i—>■</>— 1, 
where (p is the solution to (16.221) established by Proposition \ 6. 7[(b|) . is a continuous 
map from x C 2 ~‘^’°‘(M) x C 2 ~‘^’°‘{M) to C 2 ’°‘{M), where we restrict the 

domain to B > 0. 


Proof. Let Ai G and Ai,Bi G Clf Suppose A 2 G and 

A 2 ,B 2 G C 2 ~‘^'°‘{M) are such that 


IPl “ ^2||lfc.a;2 + {M) + H-^l “ {M) ^ ^ ('^•4) 

for some ^ > 0, chosen below with dependence on Ai, Ai, and Bi. For i = 1, 2, let 
(pi be the corresponding solutions to 

Ax,<P^ = lR[X^]f>^ - Apf - B,p-^ + (7.5) 

In order to estimate p 2 — Pi we consider the function u := pf^{p 2 — Pi)- As 
pi G C^’°'{M) is positive and bounded below, and p 2 — pi G (^^’“(M), we have 
uG C'2’“(M). 

We make use of the smooth remainder functions F 5 ,F- 3 ,F-t. (— I,oo) —>■ R 
that satisfy 

-t = A{t-l) + {t- l)‘^F5{t - 1), 
t-^-l = -3(t - 1) + (t - I)"F_3(t - 1), 

- 1 = -7{t -l) + {t- l)^F_r{t - 1), 

Let j = pfXi- We have 


A.yU = Pl^ 


{Axipi){u + 1) + {A^^p2) + pi{Axi - AaJm + ((Aai - Ax.,)pi)u 


+ 2{Xf^ - Xf^){dPi,du) 


Using (113 we find that u satisfies 


(P + /C)m = / + (5(m); 


here the operators V and /C, and the functions / and Q, are defined by 
Vu = A.yit — (3 + Spf'^'^Ai + 'ipf^ Bi)u, 


(7.6) 
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/Cu =-(/)U(Aai - AaJu - 2(/)i ®[(Ai) ^ - (A 2 ) ^]{d(j)i,du) 

+ (R[Ai] - R.[A2]) u - (/)]■’'( Aai</>i - Ax2(t>i)u 

O 

+ -A2)u + {Bi - B 2 ) u, 

f = </)r"(AA,</)i - Aa,<^i) - (^[Ai] - R[^2]) 

+ (jj-y ^^{Al — A 2 ) + ^{Bl — B 2 ), 

Q{u) = ^m^F5(u) - (j)'^^‘^A2u'^F^-j(u) - cj)^^B2U^F^3{u). 

Note that V satisfies the hypotheses of Proposition 16.51 

Lemma [7.81 Proposition 17.91 and (17.41) imply that for all i5 sufficiently small we 


have 




1/ Ic2"^’“(m) a C5 

(7.7) 

and 




\\lCu\\ck~2,acf^M) A CS\\u\\(yk,a,^j^^^ 

(7.8) 


for all u G (72’“(M); here the constant C depends on (pi, which is determined by 
Ai, Ai, and Bi. 

Since icpi^^Ai + A(jy[^Bi is in C 2 ~^'°‘{M) and is nonnegative, Proposition 16.51 
implies that V is invertible as a map —>■ C 2 ~^'°‘{M). A Nenmann-series 

argument using (17.81) shows that V FK, is invertible for sufficiently small 5. Thus 

< C'||(iP + /C)u||p.-.,.(^) (7.9) 

for all functions u G (72’“(M). Since V + K. is invertible, we may view (17.61) as a 
fixed-point problem for the mapping 

g: w ^ {V + IC)-^ [f + Q{w)]. 

Fix r* G (0,1). Note that Q(w) = '^^aiV^Fi{w) for functions ai G (7^“^’“(M). 
Because Fi: (—l,oo) —?► R is smooth, there exists some constant (7* such that if 
\Mc^'-{m)’\Hc^'-{m) a n then 

||F,(w;) - F,(v)||cfc-2,<.(M) < C'^lk - v\\ci^-2,c(^m), 

and hence 

||Q(w;) - Q(i;)||pfc-2,a(^) 

< II«*IIc'=-2.-(m)I|m^-F*(w) - 

i 

= ll«*llc^-^’“(M)ll(w^ - v^)F^(v) + v^{F,{w) - A,(z;))||pfc-2,.(^) 

i 

i 

where (7* now also depends on an upper bound for the norms of (pi, A 2 and B 2 . 

We now show that for sufficiently small r G (0, r*) the map t/ is a contraction from 
the ball Br{G) in C 2 ’°‘{M) to itself. Because ||rc||c'*’.“(M) = ’ there 
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is a constant Cp>l such that ||w||c'^.“(m) < for all w G 

Thus if w, z; G i?r(0) we have 

\\Q{w) - Q{v)\\(.u- 2 .^^j^^ < iC^Clr\\w - (7.10) 

Taking ?; = 0 and using (17.9p and (17.7() we conclude that 

II^('^)IIc 2 ’“(m) — ^ 11/+ Q('^)IIc 2 “^’“(m) 

< C’C5 + 2,C'C^Clr^. 

Thus if we choose r small enough that SC'C^CpT < i and then <5 small enough that 
C'C5 < r/2, it follows that Q maps Br{0) to itself. To see that t/ is a contraction 
for r sufficiently small, we simply apply (17.9|) and (I7.10|) to Q{w) — G(v) = (V + 
/C)(Q(w) - Q(v)): 

ll^l(w) - ^^(^^)IIc 2 "'“(m) ^ C'\\Q{w) - 

< ■iC'C^Clr\\w - 

The Banach Fixed-Point Theorem then implies the existence of a unique u' G 
Br{0) satisfying G{u') = u'. This gives rise to a positive and bounded function 
+ u') satisfying ^2 ~ 1 ^ C 2 ’“(M) and (17.51) with i = 2. The uniqueness 
of solutions to (16.221) implies that (j >2 = 4’2 that u = u'). 

Furthermore, we have 

\\4>l ~ ~ II/'1^IIc2’“(M) — 

for some constant Ci determined by Ai, Ai^ and Bi. Thus given £ > 0, we just 
choose r small enough that Cir < £, and then choose 5 satisfying all of the con¬ 
straints above. □ 

8. PARAMETRIZATION and existence of SHEAR-FREE INITIAL DATA 

The results of Sections [S] and [7] allow us to carry out the program outlined in 
dS] for parametrizing collections of initial data sets by collections of seed data, as 
well as showing that all shear-free seed data, in the regularity classes defined above, 
arises from free data. We show that the maps taking the various regularity classes 
of free data sets to seed data sets, and the maps taking seed data sets to initial 
data sets, are continuous and thus give rise to homeomorphisms. 

Continuity is established with respect to the topologies induced from the normed 
spaces in which the various elements of each data set live. For example, a sequence 
{gi,Ki,^i) converges to {g,K,^) in if t 5 G —>• E G 

and —>• d> in the space indicated in (13.51) . 

We now address the parametrization of initial data in terms of seed data. Propo¬ 
sition |6l3 implies that for each seed data set (A,ct,' k) we obtain a solution (p to 
equation (15.51) . This gives rise to a map 

B: (A,cr, H> ( 5 ,AA$) = - g^p'^ CD'S), (8.1) 

from which we obtain the desired parametrizations. 

Theorem 8.1. Let k >2 and a G (0,1). The map 11 gives rise to a continuous 
surjection 
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with right inverse l: i—>■ {g^K + g, <&). The map 11 descends to a homeo- 

morphism 

H: (8.2) 

where is the quotient of under the action of positive functions 6 with 

9 — 1 G Ci’°‘{M) given by (15.61) . 

Furthermore, the map 11 restricts to surjective maps —>• and —>• 

^phg^ T/iese in turn descend to bijections —>■ and —>■ 

where is the quotient of under the action of positive functions 6 with 

9 — 1 G Cf°{M), and is the quotient o/t5^phg under the action of positive 

functions 9 G with 9 — 1 = 0{p). 

Proof. Consider a seed data set (A, tr, ^') G =5^^’“. Let 9 G be the function 

given by Proposition lT.BI such that the scalar curvature of A = 9^ A satisfies R[A]+6 G 
C 2 ~^’“(M). Observe that (A,ct, ^') = (9^A, 9~^cr, 9^ 0 dJ) G Proposition 17.61 

further implies that the map (A, cr, ^') i—>■ {9^X,9~^a,9^ 0 ^') is locally Lipschitz 
continuous. 

It follows from the definition of that the functions 

I:=i|5|| and B := 1 (|f || + |S|| + 2c) (8.3) 

are in C 2 ~^’“(M). Thus from Proposition Id.TlIbl) there exists a unique positive (j) 
with (j) — 1 G C 2 '°‘{M) satisfying 

A3;^ = ^R[\]cf - Ar^ - 

and such that (f'^X G Proposition 17.111 the map (A,?, H') i-A <() is 

continuous. Thus setting g = (jf^X, K = — g, and $ = </> 0 we have that 

(A,ct, ^') !->■ (g,iL, $) is continuous. 

We now invoke the conformal covariance of the Lichnerowicz equation as recorded 
in Lemma l^TTl to conclude that cj) = 9(j) is the unique solution to (15.51) given by Propo¬ 
sition [HTltli) and thus (g, iL, <&) = n(A, cr, T); furthermore the map 11 is continuous. 

Since 11 has a continuous right inverse, it is surjective and is a quotient map. The 
invariance of 11 and (15. 5|) under the transformation (15.61) implies that 11 descends 
maps n as in (18.21) . It is straightforward to verify that for any {g,K,^), the 
preimage n“^(g, itT, d)) consists of a single equivalence class and thus 11 provides a 
homeomorphism as claimed. 

Finally, the regularity results of Proposition 16.71 further imply that 11 takes 
to and =5^phg to ^phg- D 

We now show that each free data set in , or #phg projects continuously 

to a seed data set in , or .A^phg, respectively, and that every set of seed 

data can be obtained in this way. To accomplish this, we define a map 

S: (A,u,T)^(A,a,vk) (8.4) 

based on the procedure described in )j5l which we now recall. If (A, u, T) is a free 
data set with T = {e,b,j,Cf), we apply Corollary 16.61 to obtain unique functions u 
and V such that the vector fields £ := e —grad;^ u and B := 6— grad;^ v are divergence 
free with respect to A. We subsequently set 4' = {£,B,j,f). 
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We next invoke Proposition 16.31 to obtain a vector field W such that 

L^W = div^(p~^?{j(p) + 1^)* -j -£ xxB. (8.5) 

We set a = p~^'Hj{p) + v + VxW. 

Theorem 8.2. Fix k > 3 and a € (0,1). Then the map S gives rise to a continuous 
projection S: —>• .5^^’“. It furthermore restricts to projections ^ .5^°° 

and .^phg -t ^phg- 

Proof. Suppose (A, T) G is a free data set with T = (e,6,j, C)- Corollary 

16.61 ensures that there exist functions u and v in satisfying (15.81) and 

such that £ = e — grad;^ u and B = grad;^ v are divergence-free vector fields in 
Thus = {£,B,jX) has the regularity of (13.51) . as required by the 
definition of .5^^’“. Since divergence is a geometric operator, Propositions 17.101 and 
17.91 imply that T 'k is locally Lipschitz continuous. 

Proposition 14.lllbl) implies that 

divx{p~^nj{p) -f i/) = p-^ divA njip) + divA 

( 8 . 6 ) 

= pdivy'Hy(p) -KdiVA zz, 

and thus Lemmaimplies that divx{p~^'B.j{p) + 1 ^) G {M). Consequently, 

we obtain from Proposition 16.31 a vector field W G satisfying (j8.5|) . 

Since W G we have VxW G Thus, setting 

cr = p~^'H^{p) + V + VxW, 

we see that (lO) is satisfied and the map S takes free data sets in to seed 

data sets in as claimed. It follows immediately that S also maps to 

Lemma 17.51 provides the continuity of A i—>■ ’Hy(p) and of A i—?► divx{p~^Tdj{p)). 
Thus, as Vx is a geometric operator, Propositions l7.10l and l7.9l implv that (A, v) a 
is locally Lipschitz continuous. 

In the case of polyhomogeneous seed data, we note that the regularity results of 
Corollary 16.61 and Proposition |6]3] give rise to polyhomogeneous solutions, and thus 
S indeed maps .^phg to ^phg- 

We conclude the proof by noting that 

l: {X,a,di) ^ {X,a - p~^nxip),d/) (8.7) 

satisfies S o 6 = id and thus the maps are indeed projections. □ 

9. Weakly asymptotically hyperbolic solutions 

The previous section describes how the PDE results of ®may be used to obtain 
shear-free initial data, provided the free metric is in ■ The same sequence 

of PDE results can also be used to obtain weakly asymptotically hyperbolic solu¬ 
tions to the constraint equations with less boundary regularity. In particular, we 
may construct solutions to the constraint equations that need not be confor¬ 
mally compact, and may not be sufficiently regular to make sense of the shear-free 
condition. 

Theorem 9.1. Suppose X G with k >3 and a G (0,1). Let v G 

be a symmetric covariant 2-tensor field that is traceless with respect to X, and let 

T = (e, 6,j, C) G {M) be a set of matter fields. 
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Then there exist uniquely defined functions u,v G a uniquely defined 

vector field W G and a uniquely defined and positive function with 

— 1 G such that 

S := fi-\p-^'Hp2^{p)+v + VxW) G (9.1) 

:= </)^ © (T - (grad;, M,grad;^?;, 0,0)) € C;“^’“(M), 

give rise to a solution {g,K,^) = (g, E — 5 ,$) to the constraint equations (12.81) - 
(12:^ (l2Tii|) on M. 

Proof. Applying Corollary 16.61 to e and b, we obtain functions u,v G {M) 

such that £ = e — grad_), u and B = b — grad;,, v are divergence-free vector fields in 
C'i“^’“(M). 

From Proposition 14.21 we have 'Hp 2 \{p) G C' 2 ~^’“(A/), and from Proposition 
EIM we have 

divA[p"^'Hp 2 A(p)] = p~^ divA['Hp 2 A(p)] G C';“^’“(M). (9.2) 

Thus the vector field Y := diy\[p~^'Hp 2 x{p) + v]^ — j — £ x \ B is an element of 
C';~2,“(M). By Proposition 16.31 there exists a unique vector field W G C'f’“(M) 
such that L\W = Y. 

Let a = p~^'Hp 2 x{p) -I- F -f VxW. Note that both 

^=g|o'lA aiid B =-{f£\\-\-\B\\ + 2(f) (9.3) 

are functions in C'f~^’“(M). Proposition 16.71 thus guarantees the existence of a 
unique positive function with ^ — 1 G that satisfies (15.51) . □ 

We remark that the continuity of the solution map defined by Theorem 19.11 can 
be established by arguments analogous to, but simpler than, those used above. 

We emphasize that the boundary regularity required of A in Theorem 19.11 is 
significantly weaker than in the shear-free setting. Whereas in the shear-free setting 
the metric A = p^X extends to a tensor field of class on M, in the present 

setting the metric A extends to a C®’^, but not necessarily C^, tensor held on M. 
Consequently, Theorem l9.1l is an improvement of previous existence theorems, such 
as those in [5], where it is assumed that the “background” metric A is on M. 

Likewise, the tensor held u, which in the shear-free setting was required to be 
in may not even be pointwise bounded with respect to the background 

metric h under the hypotheses of Theorem 19.11 

References 

[1] Paul T. Allen, James Isenberg, John M. Lee, and Iva Stavrov. Weakly asymptotically hyper¬ 
bolic manifolds. arXiv; 1506.03399. 

[2] Paul T. Allen and Iva Stavrov. Shear-free data is dense in the physical topology. 
arXiv:1506.05842. 

[3] Lars Andersson. Elliptic systems on manifolds with asymptotically negative curvature. Indi¬ 
ana Univ. Math. J., 42(4): 1359-1388, 1993. 

[4] Lars Andersson and Piotr T. Chrusciel. Hyperboloidal Cauchy data for vacuum Einstein 
equations and obstructions to smoothness of null infinity. Phys. Rev. Lett.., 70(19):2829—2832, 
1993. 





SHEAR-FREE HYPERBOLOIDAL DATA 


27 


[5] Lars Andersson and Piotr T. Chrusciel. Solutions of the constraint equations in general 
relativity satisfying “hyperboloidal boundary conditions”. Dissertationes Math. (Rozprawy 
Mat.), 355:100, 1996. 

[6] Lars Andersson, Piotr T. Chrusciel, and Helmut Friedrich. On the regularity of solutions to 
the Yamabe equation and the existence of smooth hyperboloidal initial data for Einstein’s 
field equations. Comm. Math. Phys., 149(3):587-612, 1992. 

[7] Yvonne Choquet-Bruhat. General relativity and the Einstein equations. Oxford Mathematical 
Monographs. Oxford University Press, Oxford, 2009. 

[8] D. Christodoulou and N. O Murchadha. The boost problem in general relativity. Comm. 
Math. Phys., 80(2):271-300, 1981. 

[9] Jorg Frauendiener. Conformal infinity. Living Reviews in Relativity, 7(1), 2004. 

[10] Romain Gicquaud and Anna Sakovich. A large class of non-constant mean curvature solutions 
of the Einstein constraint equations on an asymptotically hyperbolic manifold. Comm. Math. 
Phys., 310(3):705-763, 2012. 

[11] S. W. Hawking and G. F. R. Ellis. The large scale structure of space-time. Cambridge Uni¬ 
versity Press, London, 1973. Cambridge Monographs on Mathematical Physics, No. 1. 

[12] James Isenberg. Constant mean curvature solutions of the Einstein constraint equations on 
closed manifolds. Classical Quantum Gravity, 12(9):2249-2274, 1995. 

[13] James Isenberg, John M. Lee, and Iva Stavrov Allen. Asymptotic gluing of asymptotically 
hyperbolic solutions to the Einstein constraint equations. Ann. Henri Poincare, 11(5):881- 
927, 2010. 

[14] James Isenberg and Jiseong Park. Asymptotically hyperbolic non-constant mean curvature 
solutions of the Einstein constraint equations. Classical Quantum Gravity, 14(1A):A189- 
A201, 1997. Geometry and physics. 

[15] John M. Lee. Fredholm operators and Einstein metrics on conformally compact manifolds. 
Mem. Amer. Math. Soc., 183(864):vi-|-83, 2006. 

[16] David Maxwell. The conformal method and the conformal thin-sandwich method are the 
same, http://arxiv.org/abs/1402.5585, 02 2014. 

[17] Rafe Mazzeo. Elliptic theory of differential edge operators. 1. Comm. Partial Differential 
Equations, 16(10):1615-1664, 1991. 

[18] Richard B. Melrose. Transformation methods for boundary value problems. In Singularities 
in boundary value problems (Proc. NATO Adv. Study Inst., Maratea, 1980), volume 65 of 
NATO Adv. Study Inst. Ser. C: Math. Phys. Sci., pages 133-168. Reidel, Dordrecht-Boston, 
Mass., 1981. 

[19] Richard B. Melrose. Transformation of boundary problems. Acta Math., 147(3-4):149-236, 
1981. 

[20] Vincent Moncrief and Oliver Rinne. Regularity of the Einstein equations at future null infinity. 
Classical Quantum Gravity, 26(12): 125010, 24, 2009. 

[21] R. Penrose. Zero rest-mass fields including gravitation: Asymptotic behaviour. Proc. Roy. 
Soc. Ser. A, 284:159-203, 1965. 

[22] Oliver Rinne. An axisymmetric evolution code for the Einstein equations on hyperboloidal 
slices. Classical Quantum Gravity, 27(3):035014, 21, 2010. 

[23] Oliver Rinne and Vincent Moncrief. Hyperboloidal Einstein-matter evolution and tails for 
scalar and Yang-Mills fields. Glassical Quantum Gravity, 30(9):095009, 27, 2013. 

[24] Robert M. Wald. General relativity. University of Chicago Press, Chicago, IL, 1984. 

[25] Anil Zenginoglu. Hyperboloidal evolution with the Einstein equations. Glassical Quantum 
Gravity, 25(19):195025, 10, 2008. 

[26] Anil Zenginoglu, Gaurav Khanna, and Lior M. Burko. Intermediate behavior of Kerr tails. 
Gen. Relativity Gravitation, 46(3):Art. 1672, 16, 2014. 

E-mail address: ptallen@lclark.edu 
E-mail address: johnmlee@uw.edu 
E-mail address: isenberg@uoregon.edu 
E-mail address: istavrov@lclark.edu 

Department of Mathematical Sciences, Lewis Clark College 
Department of Mathematics, University of Washington 
Department of Mathematics, University of Oregon 



28 


PAUL T. ALLEN, JAMES ISENBERG, JOHN M. LEE, IVA STAVROV ALLEN 


Department of Mathematical Sciences, Lewis & Clark College 


